Workshop: Differentiation — the rules
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To differentiate composite functions we have to use the Chain rule.

Composite functions are functions of a function.

If we have y = f(t) and t = g(x), then the derivative of y with respect to x is,

tis a function in terms of x

y is a function in terms of t

dy dy dt
dx dt dx

Example 1: Differentiate y = (3x —1)? with respect to x

Let t = 3X - 1 y = 2
A3 Y _
dx dt
Using the chain rule: ﬂ:d_yxﬂ
dx dt dx
gy =3x2t=6t=6(3x—-1)
dx

Example 2: Differentiate y = ¥5x+9 with respect to x

y = V5x+9 =(5x+9):

Lett=5x+9 y=t"
a5 Yy
dx dt
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Differentiation — the rules

Using the chain rule: dy :d_yxﬂ
dx dt dx

Y 5yt 2t o §(5x+9)_% > ;

dx 2. 2 2(5x +9)¢

Example 3: Differentiate y = sin (2x® + 9x) with respect to x.

Lett = 2x% + 9x y = sin t
LA Y _cost
dx dt

ay _dy at

Using the Chain rule: =+ =
"o NS 4x ~at “dx

g—i = cos () x (6x% + 9) = (6x% + 9)cos (2x° + 9x)

Questions (Chain rule):

Differentiate the following functions with respect to x.
1. y = (3x% + 2x)°
2.  y=cos (5x° + 6)

x3+2x?

3. y=e
4. y =In (x* + 2x)

(Solutions on page 8)



Differentiation — the rules
The Product Rule
Consider y = uv, where u and v are functions of x, then

dy du dv
—~=V—+u—
dx dx dx

Example 1: Differentiate y = 7xe**

Let u=7x v = e
du _, av _ 2e%
dx dx

Using the product rule: dy = vd—u+ dv

u_
dx dx dx

% = 76 + 14xe™ = 7e™(1 + 2x)
X

Example 2: Differentiate y = x°sin (3x)

Letu =x® v = sin(3x)
du _ge v _ 3c0os(3x)
dx dx

Using the product rule: g_y = vd—u+ u dv

X dxd_x
dy

= 3x%sin(3x) + 3x°cos(3x)
dx

= 3x?(sin(3x) + xcos(3x))

Example 3: Differentiate y = e*In(5x)

Letu = e* v = In(5x)
% = Zezx d_V = l
dx dx X



Differentiation — the rules

Using the product rule: dy = v% + ud—V
dx dx  dx
2x
b _ 2e2in(sx) +
dx X
= eZX(ZIn(Sx)+lj
X

Questions (Produce rule):

Differentiate the following functions with respect to x:
.y = 5xIn(6x)

2. y=e"(4x+2)

3. y = 3x°cos(4x)

4. y=e*In(7x)

(Solutions on page 9)

—

The Quotient Rule

. u .
Consider y =—, where u and v are functions of x, then
v

du_ dv
dy _ "dx dx
dx v?2
, : X2 -1
Example 1: Differentiate y = —;
X< +1
u=x*-1 v=x+1
dx dx
du dv
dy _"dx "dx
Using the quotient rule: —~=-—9X__9X
dx Vv

dy  2x(x®+1)-2x(x2 1)
dx (x? +1f




Example 2: Differentiate y =

u=In(x)
du _ 1
dx X

Using the quotient rule:

Example 3: Differentiate y =

u=>5e*-1
%=5ex
dx

Using the quotient rule:

Differentiation — the rules

_ 2x[(x2 +1)—(x? —1)]
(x2 +1f

2x(x2 +1-x% +1)
(x2 +1f

_ 2x(2)
(x2+1)2
_ 4x
(x2+1)
In x
x2 +5x
v =X+ 5x
d—V=2x+5
dx
du dv
V——u—
dy _ “dx dx
dx v2
105
—I\X° +5x)-(2x+5)nx
dy " )-(2x +5)
dx (x? +5x)
_ (x+5)-(2x+5)nx
(x? +5x)°
5e* -1
3e* +2x
v = 3e* + 2x
d—V=3ex+2
dx
du dv
Vi_ -
dy _ "dx dx

dx v2



Differentiation — the rules

dy _ 5e*(3e* +2x)-(5e* —1)3e* +2)
dx (3e* +2xf

156> +10xe” — (156> +10e* —3e* - 2)
(3ex +2x)2

15e% +10xe* —15e* —7e* +2
(3eX +2x)2

10xe* —7e* +2
(3eX +2x)2

Questions (Quotient rule):

Differentiate the following functions with respect to x:

X2

1-X
4x°
COS X
In(x)
xZ -1

er

Sinx + cosx

(Solutions on page 10)

Combinations

Sometimes you may need to use a combination of the rules to differentiate a

function.

Using the chain rule:

t=x+3 v=tt
Example 1: Differentiate y = x>(x + 3)* a0 AV e
dx dt
Solution: Using the chain rule:
L t = 5 = 3 4 d_V zixd_v
sri=x v=x+3) dx dx dt
du 4 dv 3 =1x 4t3
— =5X — =4(x+3
dx dx b+ 9) = 4(x + 3)°




Differentiation — the rules

Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
g—y = 5x*(x + 3)* + 4x°(x + 3)°
X

x*(x + 3)°[5(x + 3) + 4x]
x*(x + 3)°[5x + 15 + 4x]
x*(x + 3)%(9x + 15)

, Usinzg the chain rule:
Example 2: Differentiate y = In(xc +1) t=x"+1  u=int
dt du
—_— = 2X _— =
dx dt
Solution: Using the chain rule:
u=In(pE+1) v=x2-1 du_dt du
d dx dt
du 2 &, X dx :
dx  x%+1 dx =2x><¥
du dv 2X 2X
dy _“dx dx Tt X+
Using the quotient rule: —~=-9%__9X
X v
2X
x% -1 —In(x? +1)x (2x
o b
dy _ 2x(x2 - 1)—2x(x% + 1)n(x® +1)
dx (x2 +1)(x2 —1)2

Questions (Combinations):
Differentiate the following functions with respect to x:
1. y=(2x% + 3)(3x + 4)°

X4

(x+1f

(Solutions on page 12)




Solutions (Chain rule):

1.

y = (3x% + 2x)°

Differentiation — the rules

Let t=23x+2x y =t
at =6X + 2 dy = 5t
dx dt
Using the chain rule: dy dy at
dx dt dx
Yy = 5t* x (6x + 2)
dx
= 5t*(6x + 2) = 5(3x% + 2x )*(6x + 2)
y = cos (5x° + 6)
Let t=5x>+6 y =cos t
dx dt
Using the chain rule: dy _d_y at
dx dt dx
j_y = -sin t x (15x) = -15x%sin(t) = -15x%sin (5x° + 6)
X
y — ex3+2x2
Let t=X3+2X2 y=et
ﬂ = 3X2 + 4X d—y = et
dx dt
Using the chain rule: dy dy dt
dx dt dx
W _ (32 4 ax) 2
dx
y =1In (x* +2x)
Let t=x*+2x y=Int
LRI dy _1
dx dt  t
Using the chain rule: dy dy at
dx dt dx



Differentiation — the rules

dy = (4x% + 2) x 1

dx t
(4x°+2)
(x*+2x)

Solutions (Product rule):

1. y = 5xIn(6x)
Letu=5x v =In(6x)
du_g av_1
dx dx X
Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
dy = 5In(x) + 5X(lj
dx X
=5In(x) + 5
= 5(In(x) + 1)
2. y=e"4x+2)
Letu = e v=4x+3
U _ g5 v _y
dx dx
Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
dy _ 5e>(4x + 3) + 4e™
dx
= e™(5(4x + 3) + 4)
=e™(20x + 15 + 4)
= e”(20x + 19)
3. y = 3x°cos(4x)
Letu = 3x° V = coS(4x)
AU _ 5 v _ -4sin(4x)

dx dx



Differentiation — the rules

Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
dy _ 15x*cos(4x) — 12x°sin(4x)
dx
= 3x*[5cos(4x) — 4xsin(4x)]
4. y =e™n(7x)
Letu =e* v = In(7x)
% = 4e4x d_V= l
dx dx X
Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
4x
Y _ 4e¥in(7x) +
dx X
=e4x(4ln(7x)+lj
X
Solutions (Quotient rule):
X2
1. y=
y 1-x
u=x2 v=1-X
% = 2X d_V =-1
dx dx
du_, dv
Using the quotient rule: dy _ M
dx %
dy _ 2x(1-x)-x3(-1)
dx (1-x)?
_2x-2x2+x®
(1-x)°
_2x-x?
(1-x)
_ x(2-x)
(1-x)*

10



Differentiation — the rules

3
2 y= 4x
COS X
u=4x° v = cos (x)
du _ o2 N _ sinx
dx dx
du dv
dy _Vax dx
Using the quotient rule: —~=-—9X__9X
dx v

dy _ 12x*cosx +4x’sinx
dx (cos x)?

4x°(3cos x + xsinx)

cos® x
In(x)
3. y=
NI
u=In(x) v=x-1
du_1 o 2X
dx X dx
du dv
dy _"dx "dx
Using the quotient rule: — = %
dx v
(x? -1{1j—2xln(x)
day " M
dx (x2 —1f
dy _ (x-1)-2xin(x)
dx (x2—1f

dy _ x*-1-2x%In(x)
dx x(x2 —1f
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Differentiation — the rules

2x

4, y=—
sinx +cosx
2X .
u=e Vv = sin (x) + cos (X)
U _pe2x N _ cos (x) — sin (x)
dx dx
du dv
dy _"dx "dx
Using the quotient rule: —~=-—9X__9X
dx %

dy _ (sin x+cos x)(2e )~ (e fcos x — sinx)

dx (sinx +cosx)’

e®[2(sin x + cos x)—(cos x — sinx)]
(sinx +cosx)’

e?(2sinx + 2cos x — cos X + sinx)
(sinx +cosx)’

e®(3sinx +cosx)
(sinx +cosx)?

Solutions (Combinations):
1. y=(2x*+3)(3x + 4)°

Letu = (2x° + 3) v =(3x +4)°
du dv 2
— =4 — =3(3x+4)°.3
dx X dx ( X+ )
= 9(3x + 4)?
Using the product rule: dy = vd—u+ uﬂ
dx dx  dx
dy

ol 4x(3x + 4)° + 9(2x% + 3)(3x + 4)?

= (3X + 4)2[4x(3x + 4) + 9(2x° + 3)]
= (3x + 4)[12x% + 16x + 18X + 27]
= (3X + 4)%[30x% + 16x + 27]
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Vi
dy  dx

Using the quotient rule: R R

du dv

dy _ “dx dx
2

dx Vv
453 (x +1)F —2x*(x +1)
[+ 12 f

453 (x +1)* —2x*(x +1)
(x+1)°*

_ax3(x+1)-2x*
(x+1)°

_4x* +4x° —2x*
(x+1)°

_2x* +4x°
(x+1)°

_2x%(x+2)
© (x+1)

Differentiation — the rules
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